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0. Opening

Some of the best-known work on the foundations of mathematics done in the late nineteenth
century was concerned with the concepts of the finite and the infinite, rigourous characterizations of
which were famously given by both Cantor and Dedekind. It is little known, however, that, in his
Grundgesetze der ArithmefilErege also studied the notions of finitude and infinity. His work in
Grundgesetzbad little influence upon that of his contemporaries because, quite simply, almost no one
appears to have read it. One obstacle was Frege’s notation, which is notoriously difficult to learn to read
(though easy enough to read, actually); following Russell’s discovery that the formal system of
Grundgesetzés inconsistent, mathematicians might justifiably have thought themselves to have had little
reason to bother. Indeed, one might wonder why, given his system’s inconsistency, the proofs Frege
gives in it merit any serious study at all.

The answer, as | have argued elsewhésehat Frege’s proofs depend far less upon the axiom
responsible for the inconsistency than one might have supposed. For present purposes, the relevant
axiom, Axiom V, may be taken to be:

¢£.Fe = £.Ge iff Vx(Fx = Gx)

That is: The value-range (or extension) of the concéjig Ehe same as that of the conceptj@st in

case the Fs are exactly the Gs. Now, Frege uses value-ranges, and so Axiom V, throughout
Grundgesetzebut he makesssentiabppeal to Axiom V only in the course of his proof of what may be
calledHume’s Principle which states that the number of Fs is same as the number of Gs just in case the
Fs can be correlated one-to-one with the Gs. Hume’s Principle may be formulated, in second-order logic,

thus:

'Gottlob FregeGrundgesetze der ArithmeiiKildesheim: Georg Olms
Verlagsbuchhandlung, 1966). Further references are in the text, m@gedith a roman
numeral, for the volume number, and a section number. The first volume was published in 1893;
the second, in 1903.

’See my “The Development of Arithmetic in Freg€rundgesetze der Arithmetjklournal
of Symbolic Logi&8 (1993), pp. 579-601, esp. 81, reprinted, with a postscript, in W.
Demopoulos, edFrege’s Philosophy of Mathemati¢Sambridge MA: Harvard University
Press, 1995).



Nx:Fx = Nx:Gx iff (R)[(VX)(VY)(Vz)(Rxy & Rxz~ y=z) &
(VX)(VY)(V2)(Rxz & Ryz- x=y) &
(VX)(Fx ~ (Qy)(Gy & Rxy)) &
(VY)(Gy ~ (Fx)(Fx & Rxy))]
With the exception of Hume’s Principle itself, the arithmetical theorems Frege prdBesndgesetze
can beand effectively arederived from Hume’s Principle within second-order logic: That is to say, they
are, in effect, proven iRregean Arithmeticthat (standard, axiomatic) second-order theory whose sole
non-logical axiom is Hume’s Principle. Since Fregean Arithmetic is equi-consistent with second-order
arithmetic? all the important theorems concerning arithmetic which Frege pro@siindgesetzare
proven in a consistent sub-theory of his formal theory.
A large part ofGrundgesetzés devoted to proofs of axioms for arithmetic, not the Dedekind-
Peano Axioms—though each of them is indeed proven—but the axioms of Frege’s own, somewhat
different, axiomatizatio.Frege’s investigation of arithmetic does not, however, end with his proofs of
these axioms. He goes on to prove a number of theorems concerning, for example, the infinite cardinal
aleph-null, which he calls by the name “Endlos”. Perhaps the most powerful of these results is that all
structures satisfying Frege’s axioms for arithmetic are isomorphic, a result analogous to one for which
Dedekind’sWas sind und was sollen die Zahléa?elebrated Frege’s efforts are also directed,

however, towards the provision of characterizations of the finite and the infinite, characterizations which,

as we shall see, are given in pure second-order logic, which do not rely even upon Hume’s Principle.

*See George Boolos, “The Consistency of Frefeisndations of Arithmeti¢in On Being
and Saying: Essays in Honor of Richard Cartwrig@ambridge MA: MIT Press, 1987), pp. 3-
20, reprinted in Demopoulos, edp. cit.

“Frege’s axioms are:

1. VXVyVz(Sxy & Sxz~ y=2)

2. dX[Nx & .7 (S)(x,X)]

3. VX[Nx - dy.Sxy]

4. Nx=.7 7(S)(0,x)
See below for the definitions of#” and “.7 =, which are the strong and weak ancestral,
respectively. For an argument that these are Frege’s axioms for arithmetic, see my “Development
of Arithmetic”, pp. 598-9, and “Definition by Induction in Freg&sundgesetze der Arithmetik
forthcomingin M. Schirn, ed.Frege: Importance and Legacseprinted in Demopoulos, edp.
cit.

°See Richard Dedekind, “The Nature and Meaning of Numbers”, iBdsiays on the Theory
of Numberstr. by W.W. Beman (New York: Dover Publications, 1961), pp. 29-115, Theorem
132. For discussion of Frege’s proofs, see my “Definition by Induction”.
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The main goal of this paper is to present Frege’s proofs in a form in which they will be more
accessible to potential readers. We shall also be trying to undengtghé proves what he proves. The
theorems proven in Part Il are intended as proofs of what Frege calls, in its title, “The Basic Laws of
Cardinal Number”. The theorems we shall discuss do not, at first sight, look much like basic laws of
cardinal number, and Frege does not spend much tinBuimdgesetzeexplaining the importance of the
results he proves. That does not, however, mean that his theorems do not each have some purpose, some
significance, philosophical or mathematical, and it is implausible that the theorems included in what was
intended to be the definitive statement and proof of Frege’s logicism should be without such
significance. Thus, though much of the present paper amounts to speculation about Frege’s ulterior
motives inGrundgesetzét is well-motivated speculation.

We shall see that attention to what Frege proves, to how he proves it, and even to what he finds
himself unable to prove can be fruitful. We shall see, for example, that Frege probably discovered,
around 1892, that Dedekind’s proof that every infinite set is Dedekind infinite depends upon an axiom of
countable choice. This fact would, in itself, be of but passing interest were it not that Frege’s interest in
the axiom of choice vividly illuminates certain controversial aspects of his views, namely, his conception
of logic and his views about the significance of formalization and axiomatizatiorcifear1897, Frege
appears to have been thinking not only about the truth-value of the axiom he had discovered but also
about its epistemological status. That Frege regarded it as an intelligible question whether the axiom of
countable choice was a law of logic is inconsistent with the claim, advanced by some commentators, that

he regarded all “meta-logical” discourse as non-sensical.

1. Definitions of Central Notions

In his proofs, Frege makes use of a number of defined notions. As most of the definitions are
straightforward, and | have discussed them elsewhere, | shall present them with minimal commentary.
Frege’s definitions are not given in pure second-order logic, but instead make use of value-ranges. Here,
however, they will silently be transformed into definitions in second-order logic (or in Fregean
Arithmetic, in such cases as the operator @ is needed). Later, when we discuss Frege’s proofs,

they too will be transformed into proofs in Fregean Arithmetic.



The first of Frege’s definitions is that of thenverse of a relatio(Gg | §39)°

Cony, (Roe)(x,y) =df Ryx
Thus, x stands in the converse of the relatign B y if y stands in the relationéR to x. The second
definition is that of a relation’s beirfgnctional i.e., function-like Gg| 837):

Fung,.(Roe) =df VxVyVz(Rxy & Rxz - y=z)
The third is that of a relationfmappingone concept into anothegg | 838):

Map,,,(Re€)(Fx,Gy) =df Fung,(Rae) & VX[Fx ~ dy(Rxy & Gy)]
Thus, the relation &) maps the conceptFfnto the concept &just in case Bn is functional and every
F stands in it to some (hence exactly oné)A@ditionally, we need Frege’s famous definition of the
strong ancestrabf a relation Gg| 8§45):

7 ..(Que)(a,b) =df VF[VXx(Qax~ Fx) & VxVy(Fx & Qxy - Fy) - Fb]
That is,b follows after a in the Q-seridfs and only if, b falls under every concept (i) under which all
objects to which a stands in the Q-relation fall and (ii) whidtergditary in the Q-series.e., under
which every object to which an F stands in the Q-relation falls. Frege defin@sdkeancestrahs
follows (Gg | 846):

T " (Que)(a,b)=df 7, (Quae)(a,b)V a=b
Thus,b belongs tdoris a member dthe Q-series beginning withig and only if, either b follows after
a in the Q-series or b is identical with a.

Finally, we need Frege’s definitions of specifically arithmetical notions. The number zero is
defined as the number of objects which are not self-idenGml §41; seeG| §74)2

0 = NX:x#x

®l insert the bound variables in the definitions but will drop them when it causes no confusion
to do so, for readability.

Note that the definition doe®t say that Bn is functional and isntothe Gs, but that &
is functional and that every F is mapped, EnRto some G. Indeed, one might well write
“Map(R)(F,G)” as “R: F~ G”.

®References to Gottlob Fregehe Foundations of Arithmetitr. by J.L. Austin (Evanston IL:
Northwestern University Press, 1980), are in the text, marke@Byahd a section number.
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We say that (immediately) precedes n in the number-séfjesd only if, there is a concep§ Fvhose
number is n, and an object y falling undér Such that m is the number of Fs other thaGg(§43; see
Gl §74):

Pred(m,n)=df dFdy[n = Nx:Fx & Fy & m = Nx:(Fx & x#y)]
The concept of &nite or natural numbemay then be defined as follows:

Nx =df .7 “(Pred)(0,x)
A number is finite, is a natural number, if and only if it belongs to the Pred-series (the number-series)
beginning with zero. And the first transfinite cardinal may be defined Gyt §122):

oo =df Nx.7 “(Pred)(0,x)
‘Endlos’ is the number of natural numbers.

As was mentioned above, after completing the proofs of axioms for arithmetic, Frege turns to the
proofs of theorems concerning the number Endlos. The most interesting of these constitute, together, a
characterization of concepts whose number is Endlos. Frege's Theorem 207 is:

EIQ[Funﬁg(Q(); ;(&_—Elx.? (Q)(X,X) & VX(Gx — dy.Qxy) & IXVY(Gy = .7 (Q)(x,y))] -

Following Frege, we say that the Q-seriesimspleif (1) Q& is functional and (2) no object follows

after itself in the Q-series. We say that the Q-series beginning witndlessf, whenever x belongs to

the Q-series beginning with a, there is an object onto whighr@aps x. Then Theorem 207 amounts to

the claim that the number of Gs is Endlos if the Gs can be ordered as a series which is both simple and
endless (osimply endlegs Frege’s Theorem 263 is the converse of Theorem 207. Putting these together,
we thus have:

NX:GX =0 =
dQ[Func(Q) & dx..7(Q)(X,X) & VX(Gx - dy.Qxy) & IXVY(Gy = .7 (Q)(X,y))]

That is: The number of Gs is Endibsind only ifthe Gs can be ordered as a simply endless series. Note
that the concept of a simply endless series, and so that of a concept the objects falling under which may
be ordered as a simply endless series, is definable (because here defined) in second-order logic.

As we shall see, Frege’s two main theorems concerning concepts whose number is finite are

analogues of Theorems 207 and 263.



2. Frege’s Characterization of Finitude
We turn now to Frege’s characterization of finitude. To state it, we need an additional definition:
Btw,(Qu.€;a,b)(x) =df Func(Q) & =7(Q)(b,b) &.7 *(Q)(a.x) &7 “(Q)(x,b)
Frege reads “Btw(Q;a,b)(x)” as “x is a member of the Q-series running from a to 3§41 58).
However, | prefer to read it as “x is between a and b in the Q-series” or, better, “x is Q-between a and b".
So we say that x is Q-between a and b if, and onlygfy @ functional; b does not follow itself in the Q-
series; and x belongs both to the Q-series beginning with a and to that ending with b.

The theorems of interest at present are Theorems 327 and 348. Theorem 327 is:

dQdxdyVz[Fz = Btw(Q;X,y)(2)] - -7 ~(Pred)(0,Nx:Fx)
Theorem 348 is the converse of Theorem 327, so we have:

dQdxdyVz[Fz = Btw(Q;X,y)(2)] = .7 ~(Pred)(0,Nx:Fx)

As we shall see below, the content of this theorem is, essentially, that the number of Fs is finite just in
case the Fs can be ordered as a simple series ainish_et us say that a conceptAgege finiteunder

these circumstances. Note again that Frege finitude is definable (because so defined) in pure second-
order logic.

To understand the point of Frege’s so characterizing finitude, it is essential to look at his proofs
of these two theorems. We begin our discussion, then, with his proof of Theorem 327, by far the more
difficult of the two. Frege derives it from his Theorem 325:

7 ~(Pred)[0, Nz:Btw(Q;x,y)(2)]

That is: The number of objects Q-between x and y is a natural number. Theorem 327 follows easily: If,
for some @, x, and y, the Fs justre the objects Q-between x and y, then certainly the number of Fs is
a natural number.

Theorem 325 is a simple consequence of two lemmas, the first of which is Theorem 321

Z (Q)(xy) & Func(Q) & =7 (Q)(y.y) ~ .7 “(Pred)[0, Nz:Btw(Q;x,y)(2)]

The other lemma is Theorem 325,

~{7 (Q)(x,y) & Func(Q) & =7 (Q)(y,y)} ~ -7 (Pred)[0, Nz:Btw(Q;x,y)(2)]



Theorem 325 follows by propositional logic. The proof of Theorem\B&beasy: If the antecedent
holds, themothingis Q-between x and y (by definition); so, by Frege’s Theorem 97, the number of
objects Q-between x and y is zero, which is a natural number.

The main work in the proof of Theorem 327 thus lies in the proof of Theorem 321. Frege’s proof
of this result is extremely interesting. One can perhaps best understand its significance by comparing it to
a different proof, which is less complex, and rather shorter, than Frege’s. This proof of Theorem 321 is,
one should note, simple, utterly straightforward, and entirely obvious; indeed, since the antecedent of
Theorem 321 includes a conjunct of the forga “(Q)(x,y)”, a proof by (logical) induction is what
immediately suggests its€lfThe induction is justified by Frege’s Theorem 152 (of which mathematical
induction is an instance):

7 (Q)(x,y) & Fx & VZVW[.7 7(Q)(X,z) & Fz & Qzw~ Fw] - Fy
That is: If y belongs to the Q-series beginning with X, if x is itself F, anf i§ Rereditary, as one might
say, in the Q-seridseginning with xthen y too is F. To prove Theorem 321, then, suppose §ratsQ
functional. For E in Theorem 152, we take:A(Q)(E,£) -~ .7 “(Pred)[0,Nz:Btw(Q;»)(z)]. We must
show that x falls under this concept, i.e., that

=7 (Q)(X,X) » .7 ~(Pred)[0,Nz:Btw(Q;x,x)(2)]

and that it is hereditary in the Q-series beginning with x, i.e., that

*To simplify the exposition of Frege’s proofs, | shall make free use of what might be called
the basic factebout the weak and strong ancestrals; these basic facts may be thought of as
manifestations of the ancestrals’ transitivity. (Special thanks here to George Boolos.) First, we
have the following, which are easily derived from the definitions of the strong and weak
ancestral:

7 (Q)(a,b) & Qbc- 7(Q)(a,c) &7 (Q)(a,c)

Qab &.7 *(Q)(b,c)~> 7 (Q)(a,c) &7 (Q)(a,c)
Note that the second conjunct of the consequent simply follows from the first. Moreover, for this
same reason, we also have:

Z(Q)(a,b) & Qbc- 7(Q)(a,c) &7 (Q)(a,c)

Qab &.7(Q)(b,c)~ .7 (Q)(a,c) &7 “(Q)(a,c)
All four of these also hold if ‘Qn’ is weakened to.7 (Q)(€,n), so we have:

[.7(Q)(a,b)V .7 *(Q)(a,b)] &-7(Q)(b,c)~ 7(Q)(a,c) &7 (Q)(a,c)

Z(Q)@b) & [7(Q)(b,0)V 7 (Q)b,c)]~ -7(Q)ac) &7 (Q)(ac) |
Note that the transitivity of the strong ancestral is a consequence of either of these. Finally, we
have the transitivity of the weak ancestral:

7 (Q)(ab) &7 *(Q)(b,c)~ .7 (Q)(a,c)

For discussions of these results, and other results about the ancestral, see my “Development of
Arithmetic” and “Definition by Induction”.



7 (Q)(x,a) & [-7(Q)(a,a)~ .7 ~(Pred)[0,Nz:Btw(Q;x,a)(2)]] & Qab
[--7(Q)(b,b)~ .7 “(Pred)[0,Nz:Btw(Q;x,b)(2)]]

Theorem 321 will then follow from Theorem 152.

For the former, we must show that the number of objects Q-between x and itself is a natural
number. By Frege’s Theorem 282, no object other than x is Q-between x an itself:

Btw(Q;X,x)(z) -~ z=x
Hence, the number of objects Q-between x and itself is going to be a natural number: Namely, either zero
or one, depending upon whether x is Q-between x and itself (which, actually, it is, giveAthiat Q
functional and x does not follow itself in the Q-series).

We now show that the concep#4Q)(,8) ~ .7 ~(Pred)[0,Nz:Btw(Q;»€)(2)] is hereditary in
the Q-series beginning with x. That is, we prove:

7 (Q)(x,a) & [-7(Q)(a,a)~ .7 ~(Pred)(0,Nz:Btw(Q;x,a)(z))] & Qab
[=-7(Q)(b,b)~ .7 “(Pred)(0,Nz:Btw(Q;x,b)(2))]

Suppose the antecedent. Suppose further thdt)(b,b). Suppose, for reductio, th&f(Q)(a,a). Then,
we have Frege’s Theorem 242, which is Theorem 1Bkgfiffsschrift'!

Func(Q) &7(Q)(a.,x) & Qab~ .7 ~(Q)(b,x)
Since.7(Q)(a,a) and Qab, Theorem 242 implies that(Q)(b,a). But thern7 7(Q)(b,a) and Qab, so
7(Q)(b,b). Contradiction. Hence,A(Q)(a,a).

By modus ponenghen, the number of objects between x and a in the Q-series is a natural
number. To show that the number of objects Q-between x and b is a natural number, we show that the

number of objects between x and b is the immediate successor of the number of objects between x and a,

For the proof of Theorem 282, suppose that z is between x and itself in the Q-series and that
z#X. By the definition of betweennesg, (Q)(x,z) and7 ~(Q)(z,x); but zx, so.7 (Q)(x,z), by
the definition of the weak ancestral. But then (Q)(x,z) and7 (Q)(z,x), whence7 (Q)(x,X).
Blilthat contradicts the supposition that z is Q-between x and itself, since, if Btw(Q;x,x)(z), then
=7 (Q)(X,X).

| shall confine the proofs of similarly unspectacular results to the footnotes.

"'Gottlob FregeBegriffsschrift, a Formula Language, Modeled upon that of Arithmetic, for
Pure Thoughttr. by J. van Heijenoort, in J. van Heijenoort, &dege and Godel: Two
Fundamental Texts in Mathematical Logi€ambridge MA: Harvard University Press, 1970).
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whence the former is a natural number, since the latter is. That is, we show that, on the assumptions
made so far:
Pred[Nz:Btw(Q;x,a)(z), Nz:Btw(Q;x,b)(2)]
To prove this, we employ Frege’'s Theorem 102
Fb & m = Nx:(Fx & x#b) - Pred(m,Nx:Fx)
which follows from the definition of ‘Pred(n)’. Instantiating the variable & with ‘Btw(Q;x,b)(§)’,
and ‘m’ with ‘Nz:Btw(Q;x,a)(z)’, we have:

Btw(Q;x,b)(b) & Nz:Btw(Q;x,a)(z) = Nz:[Btw(Q;x,b)(z) &zb] -
Pred[Nz:Btw(Q;x,a)(z), Nz:Btw(Q;x,b)(z)]

We thus need only to establish the antecedent. The first conjunct is fairly oBvioustove the second
conjunct, we show not only that the number of objects falling under Btw(GEXx&)X #b is the same as
the number of objects falling under Btw(Q;x@)(but that the objects falling under the former concept
just arethe objects falling under the latter, whence, by Frege’s Theorem 96, the concepts have the same
number.

For one direction, suppose that Btw(Q;x,a)(z); we must show that Btw(Q;x,b)@b&Since
Btw(Q;x,a)(z), we have tha¥ "(Q)(x,z) and7 (Q)(z,a), by definition. But Qab, s# ~(Q)(z,b).
Hence, z is between x and b in the Q-series (sin€€3)(b,b) and Func(Q), by hypothesis). So, suppose
z=b. Then7 7(Q)(b,a) and Qab; henc& (Q)(b,b), contradicting the assumption tha# (Q)(b,b).

For the other direction, we show that, if Btw(Q;x,b)(z) anth,zhen Btw(Q;x,a)(z). If
Btw(Q;x,b)(z), then7 7(Q)(z,b) and7 (Q)(x,z). Since, as argued above7 {Q)(a,a), we need only
show that7 ~(Q)(z,a). We then have Frege’s Theorem 243, which is closely related to Theorem 133 of
Begriffsschrift

Func(Q) &7 (Q)(x,a) &7 “(Q)(x,2)~ [7(Q)(a.2)V .7 *(Q)(z,a)]
Since.7 7(Q)(x,a), by hypothesis, and (Q)(x,z), eithet7(Q)(z,a) or.7 (Q)(a,z). Suppose that
7(Q)(a,z). Since Qab and&q is functional .7 ~(Q)(b,z), by Theorem 242. By hypothesig.zbso
Z(Q)(b,z). But then7(Q)(b,z) and7 ~(Q)(z,b), sa7(Q)(b,b), contradicting the assumption that
-.7(Q)(b,b). Hence.7 7(Q)(z,a), and we are done.

2By definition:.7 *(Q)(x,b) & .7 “(Q)(b,b) & Func(Q) & +7(Q)(b,b)~ Btw(Q:x,b)(b).
9



That, then, completes the alternate proof of Theorem 321. We have made use of none of the
theorems which Frege proves in the course of his proof of Theorem 321, other than certain very general
facts about the ancestral and the notion of betweenness. Most importantly, however, we have not had to
involve ourselves in the definition of any relations by induction, and we have not had to define any one-
one correlations between objects falling under various concepts. As will shortly become clear, however,

this proof, being a proof by brute force, has none of the interest of Frege’s proof.

3. Frege’s Method of Defining Functions by Induction

In order to discuss Frege’s proof of Theorem 321, we need a few additional definitions, those
required for the recursive definition of functiomsa Frege. Consider the definition of a function, by
induction, on the natural numbers. Suppose given an ab@ud a function g); we wish to define a
function@(&), on the natural numbers, satisfying the recursion equations:

¢(0) =a
o(S) = glp(n)

Consider, then, the following relation, which we may @f:

IxAyFzAwW[E=<x,z> & N=<y,W> & y=SX & w=g(Y)]
An ordered pair stands in this relation to another just in case the first member of the latter is the
successor of the first member of the former, and the second member of the latter is the v&)ferof g(
argument the second member of the former. Consider, then, the memberd afaties beginning with
<0,2>: These are the ordered pairsa),<0,9@)>, <S®,9(g@))>, and so onPrima facie it would
appear that the members of this series are exactly the ordered pairs we need to have in the extension of
¢@(&). And this is how Frege defines the (functional) relatignp(€), by means of the ancestral of the
relation®E&n, viz.: .7 “(®)(<0,a>,<¢,n>).

More generally, Frege defines tbeuplingof relations Bn and @&n as follows:

(RtQ)(a,b)=df dxdydzdw[a=<x,y> & b=<z,w> & Rxz & Qyw]
Thus, the coupling of &) and @ relates one ordered pair to another just in case the first member of
the former bears &) to the first member of the latter, and the second member of the former Bgars Q

to the second member of the latter. Obviously, in the definition of coupling, Frege makes use of ordered
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pairs, so these must be introduced into his system. For present purposes, we may take them as primitive,
terms standing for ordered pairs being governed by the ordered pair*axiom:

<X,y> = <z,w> iff x=z & y=w
The central theorem on the recursive definition of functions on the natural numbers is Frege’s Theorem

256, which is essentialfyf:

Func(Q) &Vx[.7 (Q)(a,x)~ EIy.ng -
Func[7 “(Predm Q)(<0,a>,€,1>)] &
Vx{.7 “(Pred)(0,x)~ Jy[.7 (Q)(a,y) &7 “(Predm Q)(<m,a>,<x,y>)]}
That is: If & is functional, and if the Q-series beginning with a is endless, then the relation
7 “(Pred Q)(<0,a>,€,m>) is functional and, strengthening the result slightiys domainis exactly
the natural numbers and f@ngeis wholly contained in the Q-series beginning with a. It is not difficult

to see that, if @n is taken to ba)=g(£), the relation so defined satisfies the recursion equations

mentioned above.

4. Frege’s Proof of Theorem 321

Because Frege’s proof of Theorem 321 is both long and complex, | shall merely outline it here,
noting those aspects of the proof which are of particular interest. A large portion of the proof will be
confined to the appendix.

Recall that Theorem 321 is:

Func(Q) & =7 (Q)(v.Y) &-7 "(Q)(x,y) ~ -7 “(Pred)(0,Nz:Btw(Q;x,y)(2))

¥Frege actually defines ordered pairs by means of value-ranges. It does not appear to be
possible to define #tal pairing function in Fregean Arithmetic: It is, of course, possible to
define such a function on the natural numbers, but we have no assurance that the domain
contains only natural numbers.
In any event, the uses Frege actualgkesof ordered pairs may be eliminated, and he
knew as much. For details, see “Definition by Induction”. We need not concern ourselves with
such complexities here, however.

“This theorem follows from a more general result, Frege’s Theorem 254, on the recursive
definition of functions on simple series in general. For discussion, see “Definition by Induction”.

*The strengthening is justified by Frege’s Theorem 232:
F “(RnQ)(<m,a><x,y>)> .7 “(R)(mx) &.7 “(Q)(a.y)

11



That is: If & is functional, and if y is a member of the Q-series beginning with x which does not
follow after itself, then the number of objects Q-between x and y is finite. The proof requires three
lemmas, the first of which is Theorem 315:

7 “(Pred)(0,n) &7 (Q © Pred)(<x,1>,<y,n>) & Func(Q) &.#(Q)(y,y) -
7 ~(Pred)[0, Nz:Btw(Q;x,y)(2)]

That is: If n is finite, if <y,n> is a member of the tQPred)-series beginning with <x,1>, i£Q is
functional, and if y does not follow itself in the Q-series, then the number of objects Q-between x and y
is finite. The second lemma is Theorem 317:
7 7(Q 7 Pred)(<x,1>,<y,n>} .7 “(Pred)(0,n)
The third is Theorem 319:

Z (Q)(x,y) -~ In.7 7(Q 1 Pred)(<x,1>,<y,n>)

Theorem 321 is then an immediate consequence of these lemmas. Theorem 317 allows us to drop the
assumption that n is finite from the antecedent of Theorem 315; Theorem 319 guarantees that an
appropriate n exists, if y belongs to the Q-series beginning with x.

It is worth considering Theorem 319, whose point is not obvious, a little more carefully.
Theorem 319 states that, if y belongs to the Q-series beginning with x, then, for some n, <y,n> belongs to
the (Qm Pred)-series beginning with <x,1>. But what relation, exactly, is this relation
7 7(Q m Pred)(<x,1>,€,1m>)? Let us abbreviate it: £)). Consider, first, the case in which the Q-series
beginning with x is simple. In this case, P(y,n) just in case y is'tmeember of the Q-series beginning
with x. For let x=x. Then certainly,7 “(Q © Pred)(<x,1>,<x,1>), so P(x1), and xis indeed the first
member of the Q-series beginning with uppose, then that Qx. Since Qxx, and Pred(1,2), we have,
by definition: (Qm Pred)(<x,1>,<x,2>). So,.7 (Q 1 Pred)(<x,1>,<x,2>); hence, Pp2). And so on.

Now, if the Q-series is not simple, then, firstly, we can not say that P(y,n) just in cabe g'isnember

of the Q-series beginning with x; at most, we can say that P(y,n) dryri8 member? Moreover, in

'®For the proof of this theorem, we need only Frege’s Theorem 232, mentioned in note 17.

"The proof of Theorem 319 is by induction, the relevant concept being:
In.7 7(Q © Pred)(<x,1>,€,n>)

*That Pg,n) is functional if the Q-series beginning with x is simple follows from Frege’s
Theorem 253: Func(Q) &[.7 (Q)(X,y) & -7 (Q)(Y,y)] & Func(R)- Funcl¥ (Q =
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this case, members of the Q-series beginning with x need not be uniquélynamiber, rather than an
m™ member. Rather, we will have that P(y,n) just in case it is possible to get from x to y in n-1 “steps”,
that is, if, and only if, there is some sequence xzx ..., =Yy, where Qx,,,. This justifies our reading
“.7 (Q 1 Pred)(<x,1>,<y,n>)" as “y is arf'rmember of the Q-series beginning with x” or, when
justifiable, as “y is the fimember of the Q-series beginning with*X”.

Thus, what Theorems 319 and 317 together say is just this: If y belongs to the Q-series beginning
with x, then, for some natural number n, y is &mrember of the Q-series beginning with x. This
theorem should reinforce one’s confidence in Frege’s definition of the ancestral, for y is, intuitively, an
‘ancestor’ of x just in case it is some finite number of ‘steps’ fréth x.

Let us now return to the main line of argument. The main lemma in the proof of Theorem 321 is
Theorem 315, which is, recall:

7 “(Pred)(0,n) &7 (Q © Pred)(<x,1>,<y,n>) & Func(Q) &.#(Q)(y,y) -
7 ~(Pred)[0, Nz:Btw(Q;x,y)(2)]

That is: If n is a natural number, if y is th® member of the Q-series beginning with x, §1Qis
functional, and if y does not follow after itself in the Q-series, then the number of objects Q-between x
and y is finite. Theorem 315 itself follows from two Lemmas, the first of which is Frege’'s Theorem 314:

7 ~(Pred)(0,n)> n = Nz:Btw(Pred;1,n)(z)

R)(<x,z>,<.1n>)].

*The foregoing can be formalized and proven, but these intuitive remarks should suffice for
present purposes.

One of the differences between Frege’s proof of the validity of definition by induction
and Dedekind’s is that Frege’s proves the validity of recursive definitioredations The
relation.7 *(Q © Pred)(<x,1>,€,1>) is a wonderful example of a useful and importaont-
functionalrelation naturally definable by Frege’s methods. See “Definition by Induction”, 84.

20Cf. Crispin Wright,Frege’s Conception of Numbers as Objdétserdeen: Aberdeen
University Press, 1983), pp. 159-60: “Does [Frege’s definition] capture the intuitive meaning?
...[D]oes satisfaction of Frege’s condition guarantee the accessibility of y from x by a series of
[Q-]steps?” Yes, and provably so, though the reasoning required to show that it does is
admittedly impredicative.
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That is: Every natural number is the number of numbers Pred-between 1 and itself. The proof of
Theorem 314 poses little difficuly.The second lemma is Theorem 298:

7 (Q m Pred)(<x,1>,<y,n>) & Func(Q) & (Q)(y,y) -
Nz:Btw(Q;X,y)(z) = Nz:Btw(Pred)(1,n)(z)

That is: If y is the i member of the Q-series beginning with x, §1is functional, and if y does not
follow itself in the Q-series, then the number of objects Q-between x and y is the same as the number of
numbers Pred-between 1 and n.

The derivation of Theorem 315 is then straightforward. For suppose that n is finite, that y is the
n" member of the Q-series beginning with x, thnQ@s functional, and that y does not follow itself in
the Q-series. Then, by Theorem 298, the number of objects between x and y in the Q-series is the same
as the number of numbers between 1 and n in the number-series. But, by Theorem 314, this number is n,
which is, by hypothesis, finite.

The proof of Theorem 298, in turn, requires a number of lemmas, but the idea behind the proof is
relatively straightforward. The main lemma is Theorem 288:

7 (R 1t Pred)(<x,1>,<y,n>) & Func(R) &3z.7(R)(z,z)~
Nz:Btw(R;x,y)(z) = Nz:Btw(Pred)(1,n)(z)

Except for the change of variable, this result differs from Theorem 298 in only one respect: The
condition, in Theorem 288, that no object follows itself is replaced, in Theorem 298, by the weaker
condition that y not follow itself.

Theorem 298 is derived from 288 as follows. Suppose, as in the antecedent of Theorem 298, that
y is an ' member of the Q-series beginning with x, thdn@s functional, and that y does not follow
itself in the Q-series. We now define, in terms &fQa new relation, &1, which will satisfy the

antecedent of Theorem 288. The relati@nfs to be @n & .7 (Q)(n,y), therestriction of Q&1 to the

“The proof appeals to Frege’s Theorem 160, which is:
7 “(Pred)(0,n)> n = Nx:[# “(Pred)(x,n) & x0]
This in turn is a relatively easy consequence of the fact that n precedés (®xed)(x,n), if n is
finite, which is Theorem 155. For Nx/ ~(Pred)(x,n) & x:0] precedes Nx7 ~(Pred)(x,n), by
Theorem 102, and N ~(Pred)(x,n), like every number, has at most one predecessor.
Theorem 314 then follows from Theorem 313,
7 “(Pred)(0,n)> Vx{Btw(Pred)(1,n)(x)= [.# (Pred)(x n) & x0]}
This, however, is an easy consequence of the definition of betweenness, the axioms of arithmetic,
and Frege’s Theorem 242, mentioned earlier.
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Q-series beginning with y. To show that this relation satisfies the antecedent of Theorem 288, we thus
have to prové?

189*  Func(Q)~ Func[@&n & .7 ((Q)(n.y)]
290*: .7 %(Q T Pred)(<x,1><y,n>) .7 [(Qn & 7 (Q)n.y)) &
Pred](<x,1>,<y,n>) ]
297: Func(Q) & +#(Q)(y.y) ~ ~Jz.7[QEn & .7 “(Q)(n,)l(z,2)
From these results and Theorem 288, it then follows that the number of objegt& [F ~(Q)(n.y)]-
between x and y is the same as the number of numbers Pred-between 1 and n. To complete the proof of
Theorem 298, we thus need only show that the number of objemsgQ7 ~(Q)(n,y)]-between x and y
is the same as the number of Q-between x and y:

295:  Func(Q) & =7 (Q)(y.y) ~ :
Nz:Btw(Q;x,y)(z) = Nz:Btw[&n & .7 (Q)(n.y):x.yI(2)

As the proofs of these four lemmas are neither difficult nor terribly interesting, we leave them to the

notes?®

22To simplify the exposition, | have here taken certain liberties. Theorem 189* actually
follows from the more general result that, #Qis functional, then, for any F,&9 & Fn is
functional. Also, Frege’s Theorem 290 is more general, ‘1’ being replaced by ‘m’ and ‘Pred’ by
‘R’

“Theorem 189* is completely obvious. Any restriction of a functional relation is functional.
Theorem 290* is proven by induction, using Frege’s Theorem 257, which is mentioned in
the appendix, and the definition of coupling.
Theorem 297 follows from these two:
193: ﬁIQEn & Fnl(x,y) -~ Fy
194: . F1QEN & FI(xY) = F(Q)(XY)__ |
For suppose that z follows itself in thegQ& .7 ~(Q)(n,y)]-series. Then, by (193),
7 ~(Q)(z,y); and, by (194)7 (Q)(z,z). But following oneself is hereditary in any functional
series (see Theorem 278), so y must also follow itself. Contradiction.
Finally, Theorem 295 follows from Theorem 28%which is the theorem, marked’,
provedduring the proof of Theorem 295):
295¢: Func(Q) & =7 (Q)(Y,y) - .
VZ{BW(Q:x,y)(z) = BW[QEN & .7 “(Q)n.y)ix.yl(2)} |
The proof, from right-to-left, depends, for the most part, upon the following analogue of (194):
201: .7 [QEN & FNl(xy) = .7 “Q)(xy) |
From left-to-right, it is a little more difficult. The crucial result is
292: .7 (Q)(x,d) &7 “(Q)(d)y)~ .7 [Qfn & 7 (Q)mY)](x,d) __ _
Suppose that d is Q-between x and y. Thén @ functional; hence, €y & .7 (Q)(n.y) is.
Moreover, <7 (Q)(Y,y), SO0 +7[QE&n & .7 (Q)(M,Y)I(Y.y), by (194). The antecedent of (292)
holds, so we have th&® [Q&n & .7 “(Q)(n,y)](x,d); and, substituting into (292), we have

Z 1(Q)dy) &7 (Q)y.y) » 7 [Q¢n & .7 (Q)(n.y)l(d.y)
whose antecedent again holds. Done.
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It remains to prove Theorem 288. Frege must show that, if the R-series is simple and if y is the
n™ member of the R-series beginning with x, then some relation correlates the objects R-between x and y
one-one with the numbers between 1 and n; one such relatiori(R T Pred)(<x,1>,€,1>). What
Frege proves is thus that, if the R-series is simple, and if y i$"ttnember of the R-series beginning
with X, then the objects R-between x and y are correlated one-one with the numbers from 1 to n by the
relation:& is then™ member of the R-series beginning with x. That this is so should seem
overwhelmingly plausible. The proof is somewhat tortuous, however, and the details, while interesting,
are not relevant to the central concerns of the present paper. | therefore leave Frege’s proof of Theorem

288 to the appendix.

5. The Significance of Theorems 327 and 348

The differences between Frege’s proof of Theorem 321 and that considered earlier are, in my
judgement, not due to ignorance on Frege’s part that there is a proof of Theorem 321 which is easier than
his. Rather, Frege proves Theroem 321 as he does because he wants to establish a result somewhat
stronger than Theorem 321 itself, a result which revealsthiéve basis of his characterization of
finitude.

Recall that the Q-seriessimpleif QEn is functional and if no object follows after itself in the
Q-series. Now, the content of Theorems 207 and 263, as mentioned earlier, is that the number of a
concept is Endlos just in case the objects falling under that concept can be ordered as a simple series
which does not end. The content of Theorems 327 and 348, which Frege introduces as analogues, for the
concept of finitude, is that the number of a concept is a hatural number just in case “the objects falling
under it can be ordered in a simple series which begins with a certain object and ends with a certain

object”, i.e., which contains a (unique) object after which no member of the series faigw§158)**

**This statement of the result is slightly stronger than what Theorems 327 and 348 themselves
say, but the stronger claim follows easily from the weaker. To see this, recall that Theorems 327
and 348 together imply:

dQdxdyVz[Fz = Btw(Q;x,y)(2)] = .7 ~(Pred)(0, Nz:Fz)
Plainly, if there is a conceptd® of the appropriate sort, there is such a concept whose domain
and range consist only of Fs. (Considéfl)r]l%df QEn & F& & Fn.) To simplify the exposition,
we restrict attention to such concepts. If there is an F, then Func(Q)zaf@)¢y,y), by the
definition of ‘Btw’. Moreover, that no object which precedes y in Q-series (so no F, so no object)
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Given such an ordering of the Fs, we can show, essentially by brute force, that the number of Fs
(the number of members of such an ordering) is a natural number, as we did in 82. That proof, however,
does nothing to show, so to speakjchnatural number is the number of objects so ordered. Frege’s
proof, on the other hand, rests upon the insight that, given such an ordering of the Fs, the Fs can then be
mapped one-one onto an initial segment of the natural numbers: That is to say, it can be shown that the
number of Fs is the same as the number of numbers betweemOfangome natural numbaer It will
then follow, from Frege’s theorem on the infinity of the number series (Theorem 155), that the number
of Fs is the successor of

As we have seen, however, Frege does not procepdtéthis way. His not so proceeding is
our best indication of the role Theorems 327 and 348 pl&rumdgesetzand were intended to play in
his philosophy of mathematics. What Frege does, instead, is to produce a one-one mapping between the
Fs and the numbers betwekand a natural number On reflection, it is clear why Frege proceeds in
this way.Oneway of producing a simple ordering of the Fs iemomerateor countthem, that is, to
associate each of them, in turn, with a number, beginning with one and ending with somemumber
which is then the number of Fs. Indeed, as was mentioned, the relation which Frege shows correlates the
members of the relevant series with the numbers between 1 and n is the &dtatlem™ member of
that series, so this correlation itself amounts to a ‘counting’ of the members of the Fs. The intuitive
content of Theorems 327 and 348 is thus that the number of Fs is a natural number just in case the Fs can
be counted and that, in that case, the number of Fs is the natural number onebsecminating.

This is especially clear from the proof of Theorem 348. Recall that Theorem 348 is:

7 ~(Pred)(0,Nx:Gx)> dQdxdyVz[Gx = Btw(Q;X,y)(2)]

can follow itself in the Q-series, since following oneself in the Q-series is hereditdiy i6Q
functional: Hence, the Q-series is simple.

Finally, we show that no object follows after y in the Q-seriesrédctiq suppose that
Z(Q)(y,z). By Frege's Theorem 242, mentioned earlier, z is in the rangénpé@¥ so, by the
S|mpI|fy|ng assumption, is Q- between x and Y; hetﬁ-ﬂ(Q)(z y). But then7 (Q)(y,z) and

7 7(Q)(z,y), sa7(Q)(y,y), contrary to hypothesis.
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That is: If the number of Gs is a natural number, then the Gs can be ordered as a simple series which
ends. This Theorem, like Theorem 321, admits of a direct and utterly uninteresting proof by infduction.
Again, however, Frege’s proof is more complicated than it needs to be and, therefore, more illuminating
than it might have been. He derives Theorem 348 from two lemmas, the first of which is Theorem 347:

Nz:Gz = Nz:Btw(R;a,b)(z) dQdxdyVz[Gx = Btw(Q;X,y)(z)]
That is: If the number of Gs is the same as the number of objects R-between x and y, fo{gore R
and y, then the Gs can be ordered as a simple series which ends. The other lemma is the previously
mentioned Theorem 314:

7 “(Pred)(0,n)> n = Nz:Btw(Pred;1,n)(z)
Theorem 347 follows immediately. By Theorem 314, if the number of Gs is a natural number, then the
number of Gs is the same as the number of numbers between 1 and the number of Gs; substitute into
Theorem 347.

Now, Theorem 347 is a generalization of the following:

Nz:Gz = Nz:Btw(Pred;1,n)(z) dQdxdyVz[Gx = Btw(Q;X,y)(2)]
It is this which is really Frege’'s main goal in his proof of Theorem 348, not Theorem 347 (but Frege
rarely passes up an oppotunity to prove the most general result possible). The proof proceeds by showing
that, if the the numbers between 1 and n can be mapped one-one onto the Gs, then the Gs can be ordered
as a simple series which ends; the relation which so orders the Gs will be the image of the predecessor
relation under the relevant mapping. To correlate the Gs one-one with the numbers between 1 and n is,
for all intents and purposes, to count them. So Theorem 348 amounts to this: If the number of Gs is
finite, then they can be counted, that is, ordered as a simple series which ends.

Frege’s proofs of Theorems 327 and 348 may thus be understood as falling into two parts. The
hard work in the two proofs goes into establishing that the objects falling under a concept can be put in
one-to-one correspondence with an initial segment of the counting numbers (the non-zero natural

numbers) if, and only if, they can be ordered as a simple series which ends. (From left-to-right, this is

For the base case, in which Nx:Gx = 0, taka@ be any non-functional relation. For the
induction step, suppose that, whenever the number of Fs is n, the Fs can be ordered as a simple
series which ends; suppose, further, that the number of Gs is n+1. Let a be a G. The number of
Gs other than a is n; so the Gs other than a can be ordered as a simple series which ends. Tack a
onto the end. Done.
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Theorem 347; from right-to-left, it is—roughly—Theorem 288.) From this intermediate result, Theorems
327 and 348 followia Theorem 314, an immediate consequence of which is that the number of a given
concept is finite if, and only if, the objects falling under it can be put in one-to-one correspondence with
an initial segment of the counting numbers. Now, | do not want to deny that Theorems 327 and 348 have
a purelytechnicalpoint: They yield a nice characterization of finite sets. But the Theorems also have an
epistemological point: They show that the concept of (Frege) finitude is a contegitpFrege would
have regarded the characterizatiomasontroversiallylogical, because purely second-order. And they
have yet another point, for they reveal that the notion of finitude thus shown to be logical is compatible
with, or is a rigorous version of, ointuitive conception of finitude: A finite set is one which can be
counted. That is why Frege proves these theorems as he does, why both proofs go through Theorem 314.
Every philosophy of arithmetic must deal with the natural numbers’ two aspects, their use as
finite cardinals, and their use as finite ordinals. What is distinctive about Frege'’s development of
arithmetic inGrundgesetzes that he takes the natural numbers fundamentally to bedamténals The
developments of arithmetic with which we are most familiar, on the other hand, take the natural numbers
fundamentally to be finite ordinals. (It is for this reason that Dedekind’s numbers begin, not with zero,
but with one: There is no ‘zeroth’ position in an ordering and no ordinal ‘zeroth’, though of course there
is a null order-type.) We are familiar with how the use of natural numbers as finite cardinals can be
reconstructed from their use as finite ordinals. Indeed, Cantor, whose development of the theory of
transfinite numbers was made possible by his taking the notion of an ordinal to be fundamental, showed
how (at least part of) the theory of cardinal numbers could be reduced to the theory of ordinals: In the
finite case, we say that the number of Fs is that finite orditta¢ ordinals less than which can be put
into one-one correspondence with the Fs (here we are assuming that there is an ordinal number zero, but
this is inessential). Theorems 327 and 348 are a kind of converse of this definition for finite cardinals: In
these two theorems, Frege shows how the use of natural numbers asdinids can be reconstructed
from their use as finiteardinals
The question of the relationship between finite cardinals and finite ordinals is, to my mind, of
great importance, but it is not very often discussed. In part, this may be because it is thought, first, that

Cantor showed that the cardinals could be reduced to the ordinals and, secondly, that the converse

19



reduction can not be carried out. The reduction of finite cardinals to finite ordinals mentioned above is
easily generalized: In set-theory, the cardinal number of a set x is typically taken to be the smallest
ordinal number the ordinals less than which can be correlated one-one with the members of x. And there
is no doubt that this provides for a reduction of (at least some) cardinals to ordinals. Frege’s reduction of
the finite ordinals to the finite cardinals, on the other hand, can not be so generalized. It is this which
leads Dummett to remark that “if Frege had paid more attention to Cantor’s work, he would have
understood what it revealed, that the notion of an ordinal number is more fundamental than that of a
cardinal number®

Dummett is here expressing the view that the ordinalsyarefundamental than the cardinals.
And if the foregoing discussion of the significance of Theorems 327 and 348 is correct, Frege must have
held the contrary view. But there appears to be no obvious reason to believe either the ordinals or the
cardinals to be more fundamental. Indeed, Frege ought not to have held either of these views. According
to him, a philosophical account of mathematical objects of a certain sort must not only be compatible
with, but must from the outsetmbody an account of the application of our theory of those objects. As
Dummett puts the point, the foundations of the theory “must be so constructed as to display the most
general form of [its] applications. 2% It is on this sort of ground that Frege objects to Cantor’s theory of
the real numbers; presumably, Frege would have objected to the reduction of cardinals to ordinals on
similar grounds, that it treats the use of natural numbers as cardinals not as “one of their distinguishing
characteristics, which ought therefore to figure in their definition”, but rather explains this use as one
which could be made @y simply infinite systent® But the use of ordinals to answer questions of the
form, “The whicH' member of the ordering?” is as much on¢heir distinguishing characteristics as the
use of cardinals to answer questions of the form “How many?” is one of theirs. One might therefore

suppose that Frege was committed to developing the theory of ordinals on the basis of a principle, like

*®Michael DummettFrege: Philosophy of Mathemati¢€ambridge MA: Harvard University
Press, 1992), p. 293. What Frege failed to understand may have been, more generally, the
importance of the theory of ordinals.

" bid.

8See herébid., pp. 47-51. The quotation is from p. 51.
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Hume's Principle, which embodied this aspect of the ordinal numbers. Unfortunately, the most obvious
way of doing so leads to the Burali-Forti Paradox, and it is a nice question whether a decent neo-Fregean
theory of the ordinals can be constructed at all.

One should not, however, conclude from this that our only alternative is to reduce the cardinals
to the ordinals (set-theoretically understood). For one might wonder whether the familiar reduction of
cardinals to ordinals succeeds even on its own terms. | said earlier that one caatriedistesome
cardinals to ordinals in the familiar way. What | had in mind was not that, without choice, not all sets can
be shown to be equinumerous with the ordinals less than some ordinal (though one might, indeed, pursue
that point): Rather, it seems to me that there is a cardinal number which is prostabl number of
ordinals less than any ordinal, namely, the number of all the ordinals there are. Admittedly, the claim that
there is such a number is widely rejected; indeed, Hume'’s Principle has been questioned on the ground
that it entails that there is such a nun@ut | know of no argument for the claim that there is no such
number which does not beg the question—by implicitly appealing to the very reduction of ordinals to
cardinals here under discussion (or to some similar cflifiere is nothing ‘self-contradictory’ about
the claim that there is a number of all ordinals, or all sets, or all objects: That Fregean Arithmetic, and
higher-order ZF+Hume’s Principle, are consisiengliesthat there is nothing contradictory about it.

| conclude that, though Frege’s reduction of ordinals to cardinals can not be generalized, his
development of a theory of cardin&islependenof the theory of ordinals is nevertheless worth our

continued attention.

*George Boolos has frequently raised this worry in conversation; it is mentioned, though not
endorsed, on p. 4 of his “Consistency”.

% should emphasize that the status of Zermelo-Fraenkel set-theory, or any other set-theory, as
the proper response to the set-theoretic paradoxes is not presently in question; rather, the point is
thatthere are no set-theoretic paradoxes specifically concerning cardinal numbers

21



6. Finitude, the Least Number Principle, and Well-ordering

We have seen that Frege presents a purely second-order characterization of finitude in
GrundgesetzeAccording to this characterization, a concept is Frege finite if, and only if, the objects
falling under it can be ordered as a simple series which ends. Frege proves, in Fregean Arithmetic
(modulocertain eliminable uses of ordered pairs) that a concept is Frege finite just in case the objects
falling under it can be put in one-to-one correspondence with some initial segment of the natural
numbers. His characterization is thus equivalent to Cantor’s, not to Dedekind’s. What | wish to discuss at
this point is the importance, both to this characterization and to Frege’s characterization of concepts
whose number is Endlos, of the condition that the objects falling under the concept be ordered as a
simpleseries of a certain form. This should help further to illuminate the relationship between Frege’s
characterization of finitude and more familiar ones.

Frege's most sustained discussion of the importance of the concept of simplicity occurs in a
discussion of his Theorem 145, which states that no natural number follows after itself in the number-
series. It is worth quoting this little-known discussion at ledbth:

The importance of [Theorem 145] will be made more evident by the following

considerations. If we determine the number belonging to a coﬁi/(é)qtor, as one

normally says, if we count the objects falling under the cor®ép), then we

successively associate these objects with the number-words from “one” up to a number-

word “N”, which will be determined by the associating relation’s mapping the concept

®(€) into the concept “member of the series of number-words from ‘ond't@hd the

converse relation’s mapping the latter concept into the forméithen denotes the

sought number; i.eN is this number. This process of counting may be carried out in

various ways, since the associating relation is not completely determined.

The guestion therefore arises whether, by another choice of this relation, one

could reach another number-wol’: Then, by our assumptions| would be the same

number ad, but, at the same time, one of these two number-words would follow after

the other, e.g.N' would follow ‘M’. ThenN would follow in the number-series after,

which means that it would follow after itself. That is excluded by our proposition

concerning finite number&g | §108).

Thus, it is, according to Frege, because the series of natural numbers is simple that the result of the
process of counting is determinate.

Compare with this, then, Theorem 288:

Func(Q) & dz.7(Q)(z,z) &.7 7(Q m Pred)(<x,1>,<y,n>)

*The translation of this passage is due to myself and Jason Stanley. | discuss this fascinating
passage further in “Definition by Induction”. It is, by the way, well worth reading this passage in
conjunction with 856 oGrundlagen on which it throws a great deal of light.
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Nz:Btw(Q;X,y)(z) = Nz:Btw(Pred)(1,n)(z)

As said earlier, the first three conjuncts together imply that y istineember of the Q-series beginning
with x; it is essential to this that the Q-series be simple. Were the Q-series not simple, y might be not
only an ' but also an fhimember of the Q-series beginning with x: That is to say, there might be more
than one way of correlating objects Q-“between” (though not in Frege’s sense, of course) x and y with an
initial segment of the counting numbers. Frege, in his discussion of Theorem 145, is concerned with the
simplicity of the number-serigself. But the similarity between the importance of that fact and the
importance of the simplicity of the Q-series in Theorem 288, is striking: It is because the Q-series is
simple that its members have a well-defined ordinal position in it.

These reflections suggest a connection between the concegingflaseries and that ofwaell-
orderedseries, and such a connection there is. Eliminating a few definitions and contraposing, Frege’s
Theorem 359 is:

Func(Q) & dx..7(Q)(x,x) & Ix[.7 7(Q)(a,x) & Fx] -
{7 (Q)(a,x) & Fx & dy[.7 (Q)(ay) & Fy &7 (Q)(y.x)]}

That is: If the Q-series is simple and if some F belongs to the Q-series beginniagtidh there is an

F which belongs to the Q-series beginning with a which is ancestrally preceded in that series by no F;
that is, there is some F in the Q-series beginning with a whigi{(@@)-minimal Theorem 359 is thus a
generalization, for all simple series, of teast number principleSubstituting ‘Pred{,n)’ for ‘Q&n’ and

‘0’ for ‘a’, we have:

Func(Pred) & =Ix..7 (Pred)(x,x) &3x[.#7 ~(Pred)(0,x) & Fx]-
Ix{.7 “(Pred)(0,x) & Fx & dy[.7 “(Pred)(a,y) & Fy &7 (Pred)(y,x)]}

But Pred,n) is functional (Theorem 71), and no natural number follows after itself in the Pred-series
(Theorem 145). Thus, writingNg’ for *.7 ~(Pred)(0Z)’ and ‘€<n’ for ‘N & .7 (Pred)€,n)’,* we have:
IX(NX & Fx) -~ IX[Nx & Fx & Vy(y<x - =Fy)]

And that is the least number principle.

¥In general,.7 (Pred)€,n)’ doesnot mean that is less tham, and it is highly confusing to
read it that way, sinc& (Pred)¢e,) (and similarly for any Dedekind infinite cardinal—in fact,
‘.7 (Pred)E &) is equivalent to€ is Dedekind infinite’.) However, 7 (Pred)€,n)’ is co-
extensional withé<m’, if these relations are restricted to natural numbers.
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Strengthening it slightly, Theorem 359, together with two other theorems, implies that, whatever
QEn and a may be, if the Q-series beginning with a is simple, it is well-ordered by the ancesfnal of Q
The first of these other theorems is the previously mentioned Theorem 243, which states that the strong
ancestral is connected on the Q-series beginning with a:

Func(Q) &7 (Q)(a.,b) &7 “(Q)(a,c)~ [#(Q)(b,c)V b=cV 7 (Q)(c,b)]
The second auxiliary result is Theorem 275, which states the the strong ancestral is tfansitive:

F(Q)xY) & 7(Q)(y.2)~ F(Q)(x.2)
Now, the Fs are well-ordered B¥(Q)(,n) just in case (i)7(Q)(,n) linearly orders the Fsand,
(i) whenever some of the Fs are G, there is7Zai®)(&,1n)-minimal G which is F. But Theorems 243 and
275 together imply that, if the Q-series is simple, the members of the Q-series beginning with a are
linearly ordered by7(Q)(,m): For.7(Q)(€,n) is transitive, by Theorem 275; irreflexive, since the Q-
series is simple; and connected on the Q-series beginning with a, by Theorem 243. Moreover, by
Theorem 359, every simple series satisfies the second condition. Thus, to repeat: Theorem 359, together
with Theorems 243 and 275, implies that, if the Q-series beginning with a is simple, it is well-ordered by
F(QEM).

There is thus, as was said, a close relationship between the concept of a simple series and that of
a well-ordered series. For this reason, of the various characterizations of finitude given in the last
hundred years, that most reminiscent of Frege’s is due to Zeth&dy.that the Fs are Zermelo finite if,
and only if, the Fs can be well-ordered by a relation whose converse also well-orders them (if the Fs can,
as is said, bdoubly well-orderejl Frege’s characterization is fairly easily seen to be equivalent to

Zermelo’s. The proof that, if the Fs are Zermelo finite, they are Frege finite is of no special interest at

¥t is perhaps worth mentioning that these two theorems are the two main theorems of Part Ill
of Begriffsschriff Theorems 98 and 133, respectively. That these two results should become so
important at this point is very suggestive.

%QEn linearly orders the Fs if, and only if£q is transitive and irreflexive and connected on
the Fs (whenever Fx and Fy, either Qxy or Qyx or x=y).

*For a useful discussion of the history of definitions of finitude and infinity, see Charles
Parsons, “Developing Arithmetic in Set Theory without Infinity: Some Historical Remarks”,
History and Philosophy of Logig (1987), pp. 201-13. My understanding of Zermelo’s work is
largely due to this paper.
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present® For the other direction, it suffices to show that, if the Q-series beginning with a is simple and
ends with b, then it is doubly well-ordered BYQ)(€,n).

To simplify the exposition, let us assume the domain and rang&mptdxontain only members
of the Q-series beginning with a. By the foregoing, the Q-series beginning with a is well-ordered by
Z(Q)(€,m). Hence, we need only show that the members of the Q-series beginning with a are well-
ordered by the converse of the ancestral @f Q.e., by ConvZ(Q)](€,1). Now, the converse of
F(Q)E) is just.7(Conv Q)E,n), i.e., the ancestral of the converse &ihJ’ It will therefore suffice
to show, first, that7(Conv Q)E,n) well-orders the Conv(Q)-series beginning with b and, secondly, that
the members of the Conv(Q)-series beginning with b are the members of the Q-series beginning with a.
To prove the latter claim, note tha “(Conv Q)(b,x) iff Convl7 ~(Q)](b,x) iff .7 ~(Q)(x,b) iff
7 7(Q)(a,x). To prove this last equivalence, note tha# if(Q)(x,b), then x is in the domain ofq, so
7 7(Q)(a,x), by our simplifying assumption; and#t *(Q)(a,x), then, since# (Q)(a,b), either
7 (Q)(x,b) or.7(Q)(b,x), by Theorem 243; but, .i# (Q)(b,x), then the assumption that the Q-series
beginning with x can not end with b.

To prove the former claim, note first th#(Conv Q)€,n) is certainly a linear order. To show
that it satisfies the well-ordering condition, we use Theorem 359 and need only show that the Conv(Q)-

series is simple. Plainly, no object follows after itself in the Conv(Q)-series,.gif€env Q)(x,x) iff

*®*Suppose the Fs are doubly well-ordered fy. Consider the relation&®, which holds just
in casen is a <-minimal object greater thgnQ¢n is functional, by linearity. No object follows
itself in the Q-series, since, as can be established by inductiBitQf(x,y), then x<y, and<n
is irreflexive. To complete the proof, one must show that all the Fs are Q-between the minimal
element, say, a, of the <-ordering and the minimal element, say, b, of the >-ordering (the
converse). Consider now the conceptfx <& - Btw(Q;af)(x)]; i.e., everything£ is Q-
between a ang. Call it G. Plainly, a falls under & Sincet<n is adoublewell-ordering, there
is a <-maximal object which is G, say, x. ilx, then there is some maximal object <x, say, y.
Hence, Qxy. But then y falls undeg Gsince everything <y isx and so Q-between a and x, and
so Q-between a and y; and, of course, y itself is near-trivially Q-between a and y. So x=b. So b
falls under @. So everythingb is Q-between a and b. So every F is Q-between a and b. Done.

3 The two directions of this non-trivial result are Frege’s Theorems 299 and 302, each of
which is proven by (logical) induction.
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Conv[7 (Q)](x,x) iff . Z(Q)(x,X). That Conv(Q¥,n) is functional follows from the following very
general result about the ancestral, whose proof is confined to theéfhotes:

Fun]c(Q) & dXx.7(Q)(x,x) -~ VxVyVz[.7 7(Q)(a,x) &.7 (Q)(a,y) & Qxz & Qyz~
X=y

That is: If the Q-series is simple, then the conversefof, @stricted to members of the Q-series
beginning with any given object a, is functional. Since, by our simplifying assumption, the domain and
range of @n contain only members of the Q-series beginning wijtihe converse of & is functional.

Frege's characterization of finitude is thus reasonably close to Zermelo’s.

7. Frege and the Axiom of Choice

Frege offered no very complete account of the notions of finitude and infinity, though he did
prove a number of important, preliminary results about them. Had Russell's Paradox not disrupted his
work, Frege might well have continued his discussion of such matters later. | should like to speculate a
bit about what, precisely, he might have discussed and argue that, probably no later than 1892, Frege had
formulated at least the axiom aduntablechoice, if not the full axiom of choice, and that he was
thinking both about its truth-value and about its epistemological status aroundf 1897.

About 1892, Frege became aware of Dedekind’s proof that every concept which is not finite, in
Frege’s sense, is Dedekind infinite. He writes, in his review of Cararis Lehre vom Transfinitéfi

...Mr. Dedekind gives as the characteristic mark of the infinite that it is similar to a

proper part of itself..., after which the finite is defined as the non-infinite, whereas Mr.
Cantor tries to do what | have done: first to define the finite, after which the infinite

BSuppose that the Q-series is simple, that x and y belong to the Q-series beginning with a,
and that both Qxz and Qyz. By Theorem 243, eithé®)(y,x), or x=y, or.7 (Q)(X,y). Suppose
that.7(Q)(y,x). Since Qyz, we have, by the previously mentioned Theorem 242, that
7 ~(Q)(z,x). But then7 ~(Q)(z,x) and Qxz, s&# (Q)(z,z), contrary to the simplicity of the Q-
series. Similarly, if7(Q)(x,y), then7(Q)(z,z). So x=y, and we are done.

It is in the course of such speculations that one most laments the loss of Neagéss
and, more specifically, Scholz’s decision not to transcribe any of the formal material. This
decision was, at the time, understandable, but still regrettable

“Gottlob Frege, “Review of Georg Cantdyr Lehre vom Transfiniténin his Collected
Papers ed. by Brian McGuinness (Oxford: Blackwell, 1984), pp. 178-81, at p. 180, originally p.
271. The review was published in 1892, so that sets an upper bound on when Frege encountered
Was Sind’And Frege writes, in the Introduction®undgesetzecomposed in 1893, implies
that the book had “lately come to [his] notic&d | p. vii).
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appears as the non-finite. Either plan can be carried through correctly, and it can be

proved that the infinite systems of Mr. Dedekind are not finite in my $éiis

proposition is convertible; but the proof of it is rather difficult....

This result would, indeed, have been of great interest to Frege. On the one hand, he had shown that a
concept is of finite number if, and only if, the objects falling under it can be ordered as a simple series
whichends on the other, that a concept is of countably infinite number just in case the objects falling
under it can be ordered as a simple series whichmtmiesnd. It would be natural to wonder whether, and
perhaps even more naturaldonjecture thatevery concept is either of finite number or has a countably
infinite subconcept(This is equivalent to the claim that every infinite concept is Dedekind infinite.) One
might reason, informally, thus. Suppose we set out to build a simple series from objects falling under F
successively choosing distinct Fs and adding them to the series so far constructed. Either we should at
some point exhaust the Fs or we should not. If the former, the Fs would have been ordered as a simple
series which ends. If the latter, would someof the Fseventuallybe ordered as a simple series which
does not end? This proof would have suggested itself all the more readily to Frege, since it isdoy this

of method that he establishes his Theorem 428, which states that, if every F is G, and if the Gs are
countably infinite, then the Fs are either finite or countably infifiite.

The informal proof just given is, of course, hardly one with which Frege would have been
prepared to settle. (Here we have exactly the sort of mix of reason and intuition which it was a large part
of Frege’s purpose to disentangle.) We know that he was not terribly happy with Dedekind’s proof
either, for what completes the above quotation from the review of Cantor are the words “and [the proof]
is hardly executed with sufficient rigour in Mr. Dedekind’s paper”. Frege was right about this, for the

theorem can not be proven without the axiom of (countable) choice, to which Dedekind tacitly appeals.

“This can be proven in Frege’s system in much the same way\ssiSind?n fact, it is the
final theorem of Part Il oGrundgesetzeTheorem 484. Indeed, sinc& (Pred)€ &)’ is
equivalent to€ is Dedekind infinite’, Frege’s Theorem 145 itself implies that no finite number is
Dedekind infinite.

“20f course, the proof depends essentially upon the fact that countably infinite sets can be
well-ordered. Theorem 359 is proved as a central lemma in the proof of Theorem 428.
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Dedekind’s proof is as follow8.Since the number of Fs is not a natural number, there is, for
each natural number n, a one-one relation, call(g,®), which correlates the numbers between 1 and n
with some of the Fs. Now, say thp¢x) just in case, for some n and y(Rx). Every@ is obviously F,
and the number aps must surely be Endlos.

The problem with this proof certainly does not lie at the first step. It is not difficult to show, in
Fregean Arithmetic, th&t

-.7 ~(Pred)(0, Nx:Fx)» Vn{.7 ~(Pred)(0,n)> dG[VX(Gx -~ Fx) & n = Nx:Gx]}
Given Frege’s Theorem 314, mentioned earlier, it will then be easy to complete the first step by proving
that

-.7 ~(Pred)(0, Nx:Fx)»

Vn{.7 ~(Pred)(0,n)» dR[Func(R) & Func(Conv R) &
Vx(Btw(Pred)(1,n)(x)> dy(Rxy & Fy))]}

The difficulty lies in the next step, and it is Dedekind’s terminology which misleads. We can, indeed,
prove that, for each n, there is a relation which correlates the numbers between 1 and n with some of the
Fs, and we may call this relationéR’, ‘R,(€,n)’, ‘€ is greater tham’, or whatever we wish. What we
may not do is treat the subscript ‘n’ in (&)’ —any more than the ‘n’ in is greater tham'—as if it
were avariable More precisely, we may not suppose that ‘n’ here occupiasgament-placeand that
is just what Dedekind tacitly supposes: In definipgx)’ to hold just in casepr some rand y, R(y,x),
he treats ‘RE,n)’ as if it were, not a two-place, but a three-place, predicate, ‘n’ filling the third
argument-place; to put it a different way, he supposes thi 1} is a functional expression, denoting
a function from natural numbers to binary relations. A tacit, and crucial, inference is thus being made

from

vn{.7 ~(Pred)(0,n)> IR[Func(En) & Func(Conv Rn) &
Vx(Btw(Pred)(1,n)(x)> dy(Rxy & Fy))]}

“3See “The Nature and Meaning of Numbers”, Theorem 159. Dedekind himself makes
reference to a one-omfienction not to a relation, but this is of no significance.

“The proof is, of course, by induction. For the case n=0, we may fakesGo bef #E.
Suppose then that every G is F, that the number of Gs is n, and that n is a natural number. Then
some F is not G, since otherwise the number of Fs would be n, and so finite, contrary to
hypothesis. Let a be such an F which is not G. lfet#f GE \V £=a. Every H is F, and the
number of Hs is n+1. Done.
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to

vn{.7 ~(Pred)(0,n)> 3®[Func(r®&n) & Func(Conv ®En) &
Vx(Btw(Pred)(1,n)(x)> Jy(n®xy & Fy))]}

(Here, the variable®’ ranges over ternary relations and is written as it is simply to emphasize that one
should think of the ternary relation as if it were a function from objects to binary relations.) Given the
validity of this inference, the remainder of Dedekind’s proof can be carried out in Fregean Aritfimetic.

Frege's remark that Dedekind’s proof “is hardly executed with sufficient rigour” strongly
suggests that he had attempted to reproduce Dedekind’s proof in his formal system and had failed. In
formalizing the proof, Frege would quickly have discovered the gap, the inference upon whose validity
Dedekind was tacitly relying: Its premise is what one can actually, and easily, prove in second-order
arithmetic by following Dedekind’s argument; its conclusion, what Dedekind, because of the way he
speaks, takes himself to have proven. Now, Frege would probably have thought the inference plausible
enough, but he would hardly have been content to let matters rest there. One would have expected him to
investigate further, for example, to have attempted to establish the inference as a derived rule within his
formal system. And so he did, for what appear to be fragments of this attempt survive in section
O(micron) of Part Il ofGrundgesetzeThis is a hodgepodge of results of the sort one might prove in
attempting to make some progress towards a proof that every infinite set is Dedekind infinite. The very
last theorem of Part Il, Theorem 484, is the converse; Theorem 476 states that, if the number of Gs is
Dedekind infinite, and every G is F, then the number of Fs is Dedekind infinite; and the remainder
appear to form part of an attempt to prove Dedekind’s theorem in something like the way sketched a few
paragraphs back.

In the course of this investigation, Frege would naturally have considered the problematic
inference in its general form. This form is obtained by generalizing the specific inference with respect to

what is demanded of the relation whose existence is asserted, thus: If, for each natural number n, there is

**Showing that the number gfs is Endlos is not, as far as | can tell, as easy as one might
have thought. The problem is that we need to define a one-one correlation betwgearie
the natural numbers. One might just try mappixg,(1,x) to 0,1x.R;(1,x) to 1,1x.R,(2,X) to 2,
and so forth. But this may fail to be one-one. Still, the techniques for producing such a mapping
were well-known to Frege and are employed in his proof of Theorem 428, mentioned previously,
which states that if the number of Fs is Endlos and every G is F, then the number of Gs is either
finite or Endlos. Indeed, that the numbexpafis Endlos can be derived from Theorem 428.
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a relation Bn such that ...Rr)..., then there is some ternary relation (so to speak, some function, from
natural numbers to binary relations) which maps each number n to a refigrsach that .. ®&n....
Formally:

Vn[.7 “(Pred)(0,n}> 3R.M, (Rxy,n)] -~ 3®Vn[.7 “(Pred)(0,n) M, (n®xy,n)]
(‘M’ is a third-order variable indicating relations between binary relations and objects; the subscripts
indicate what (first-order) variables it bind8 Jhis is an axiom of countable choice, for binary relations,
in Fregean Arithmeti¢’ The main reason to suppose Frege formulated (something like) it is, put as
directly as possible, that one can not but do so if one investigates Dedekind'’s proof with the sorts of
resources Frege had at his disposhht one might say, is the sort of thing formalization did for

mathematics.

“*Frege was perfectly familiar with such uses of higher-order variable$ §e825.

“’One can simplify the exposition here a little by considering an attempted proof simpler than
Dedekind’s. | have not done so in the text, because | have been attempting to reproduce a ttrain
of thought which would have been available to anyone reading Dedekind who had access to
Frege’s formal theory and understood its workings. Still, it is worth sketching this alternative
approach.

One argues that, for each natural number n, therstib-goncepp,§ of F, whose
number is n, definep& as3n.p &, and then argues that the numbegsfis Endlos. But, once
again, while we can easily prove

Vn{.7 “(Pred)(0,n)> dG[Vx(Gx -~ Fx) & n = Nx:Gx]}
we have no way to infer

dRVn{.7 “(Pred)(0,n)> [VX(nNRx~ FX) & n = Nx:nRx]}
without an axiom of countable choice. What we need, this time, is to be able, quite generally, to
infer

Vn[.7 “(Pred)(0,n)> 4G.M,(Gx,n)] » dRVn[.# ~(Pred)(0,n)> M,(nRx,n)]
And this is an axiom of countable choice, for concepts.

Interestingly enough, it would appear that showing that the numiges isfEndlos istill
going to require an appeal to countable choice for binary relations. It may be for this reason that
Dedekind proves the theorem as he does, given that the argument just mentioned seems in many
ways more intuitive than Dedekind’s own.
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8. Closing: The Value of Formalization and Frege’s Conception of Logical Truth

The supposition that Frege discovered the axiom of countable choice raises, in a very powerful
way, a difficulty for those who would deny him the resources to discuss its truth or its epistemological
status, that is, to discuss the question whether it is a law of*fécunderstand the sort of problem it
raises, it is worth considering a more familiar argument for the claim that Frege regarded the question
whether a given thought is a law of logic as intelligible.

Frege set out to derive the basic laws of number within a certain formal system, second-order
logic plus Axiom V (it would not have mattered, for present purposes, had he set out to derive them
within Fregean Arithmetic or within some other formal system). But he was not interested in
formalization only for its mathematical benefits (which he rightly thought would be substantial). He, like
his philosophical descendants, hoped that formalization would shed light upon epistemological
questions. Indeed, Frege is admirably clear about the relation between formalization and epistémology:

| became aware of the need for a conceptual notation when | was looking for the

fundamental principles or axioms upon which the whole of mathematics restaftenly

this question is answered can it be hoped to trace successfully the springs of knowledge

on which this science thrives.

The epistemological status of arithmetic is not decided by formalization alone; it iaftanlgs axioms
have been isolated, that the question of arithmetic’s epistemological status becomes tractable. But if
logicism is not established by a “reduction” of arithmetic to the formal syst&nunfdgesetzeor

Fregean Arithmetic, or any other formal system, it simply must be an intelligible question whether the
axioms of that system are logical laws. What other question could remain at thaf point?

This sort of argument concentrates upon Frege’s attitude towards those thoughts he accepts as

axioms of logic, those rules of inference he accepts as logically valid. | myself regard it as conclusive,

“8perhaps the best-known exponent of this view is Thomas Ricketts. See e.g. his “Frege, the
Tractatus and the Logocentric Predicameriipls19 (1985), pp. 3-16; others are Burton
Dreben, Warren Goldfarb, and Joan Weiner. For an important critical discussion of Ricketts’s
views in particular, see Jason Stanley, “Truth and Meta-theory in Ffeg&toming

“‘Gottlob Frege, “On Mr. Peano's Conceptual Notation and My Owi€pllected Papers
pp. 234-48, at p. 235, op. 362. My emphasis.

*Famously, the only principle to which Frege appealed about whose status as a law of logic
Frege had any doubt was Axiom V: S&g| p. vii. In my opinion, he probably hawb real doubt
that it wastrue.
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but it nevertheless seems not to have carried conviction. A more powerful argument emerges, though, if
we concentrate upon Frege’s attitude toward a different sort of thought, a good example of which is the
axiom of countable choice. In so far as one sets out to derive all the truths of some “branch of learning”
from a fixed set of axioms, one is immediately confronted with the possibility that one’s axioms might
not be “complete® might not suffice: There may be apparent truths, propositions of whose truth we had
previously been convinced by informal argument, which can not be proven within the system as it stands.
More interestingly, there may be a certkiind of inference which, though commonly made, can not be
replicated within the system. Frege writés:

By [resolving inferences into their simple components] we shall arrive at just a few

modes of inference, with which we must then attempt to make do at all times. And if at

some point this attempt fails, then we shall have to ask whether we have hit upon a truth

issuing from a non-logical source of cognition, whether a new mode of inference has to

be acknowledged, or whether perhaps the intended step ought not to be taken at all.
Now, it is of course possible that Frege is here speaking completely hypothetically. But, | suggest, he
may well be speaking from experience; he may have in mind something like the version of countable
choice mentioned above. In any event, the interest of Frege’s discussion does not depend upon the
correctness of this speculatithywhich merely serves to make vivid the problem that concerns him,
which is one about the epistemological status of such principles. Frege is saying, quite reasonably, that

the question whether e.g. the axiom of countable choice is true at all, and if so, whether it is a logical

law, is not only intelligible buimportant

*This is a term which Frege uses in this context (see “Peano”, p. 235, op. 362), though not
quite in its modern sense.
| am not, it is worth emphasizing, suggesting that Frege anticipated Gédel. There is no
indication that Frege ever considered the possibility that there miglatdmmplete
axiomatization of arithmetic; it is this, of course, which makes Gddel’s result so important. If the
incompleteness d?rincipia Mathematicacould have been remedied, its incompleteness would
have been uninteresting.

**peano”, p. 235, op. 363. There is nothing in what follows this passage to suggest that these
remarks are not meant to be asserted. What follows is a discussion of how Frege’s formal theory
contributes to the attempt to formalize mathematical proof.

3t is worth noting, though, that it is demonstrable that Frege believed there were arithmetical
truths which were unprovable within his system as it stood. See George Boolos and Richard G.
Heck, Jnr., Die Grundlagen der Arithmetig882-3", elsewhere in this volume.
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Unable to formalize Dedekind’s proof in the formal theorgafindgesetzeor in Fregean
Arithmetic, and having identified the proposition whose truth it assumes, we have, according to Frege,
essentially three options: First, we may reject the proposition in question, as not being true, and reject the
proof. If, instead, we accept the proposition’s truth, we have two further options: To accept it as a truth
peculiar to some special science, say, a part of mathematics not reducible to logic (a part similar, in that
respect, to geometry); or to accept it as a truth of logic and to acknowledge some new logical axiom from
which it follows or some rule of inference by means of which it can be proven. The presence of the first
option shows that Frege did not think of himself merely as formalatogptednathematical practice:
His project had, in his view, potentially revisionary consequences. The presence of the other two options
shows that Frege regarded it as an intelligible question whether e.g. the axiom of countable choice was a
law of logic. | thus regard it as demonstrable that Frege believed such questions to be intelligible.
Whatever the larger import of this point, however, | make it in the present context for purposes
of illustration. It is sad enough that a work as gre&@ramdgesetze der Arithmeti& work fully worthy
of comparison with Dedekind’s clasdias sind und was sollen die ZahlesRould have been ignored
for one hundred years. Our failure to study it is all the more regrettable, however, if an understanding of
Grundgesetzpromises a non-negligible improvement of our understanding of Frege’s philosophy more
generally. | admit, indeed, | insist that the offered interpretation of Frege’s attitutde towards proposed
new axioms does not depend upon the speculation inspired by our discussranagesetzeBut that
does not imply that our understanding of Frege will not be improved by an understanding of the kinds of
mathematical problems with which he grappled, the sorts of solutions upon which he settled, and the

philosophical significance he took them to héve.

*Y| should like to thank George Boolos, Burton Dreben, Warren Goldfarb, Mathieu Marion,
Charles Parsons, William Tait, and Jason Stanley for discussions which have contributed greatly
to this paper. | should also like to thank the members of the confdP@iiosophy of
Mathematics Todawhose proceedings this volume is. The paper | read there was not this one
but a hybrid of “Development of Arithmetic” and “Definition by Induction”; nevertheless, the
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Appendix 1

Frege’s Proof of Theorem 288, and Reflections on the Least Number Principle

As was said above, the details of Frege’s proof of Theorem 288 are not relevant to the central
concerns of the present paper. But, as the proof is somewhat difficult to follow, and as certain features of
it are interesting for other reasons, it is worth explaining here. | shall discuss only those Theorems which
Frege proves in the relevant section§&afindgesetzeomitting the proofs of any and all theorems
proven earlier in the book, i.e., all Theorems earlier than Theorert 264.

Before we begin, we need one additional definition:

FNT;<a,x>)(b,y)=df .7 °(T)(<a,x>,<b,y>)

Thus,.7QnR)(<a,x>)€,n) is a relation, defined by induction, according to Frege’s method: It is the
relation which holds betweenandm just in case &n> belongs to the (@R)-series beginning with
<a,x>.

Recall that Theorem 288 is:

Func(Q) & d4z.7(Q)(z,z) &.7 7(Q m Pred)(x,1;y,n)
Nz:Btw(Q;X,y)(z) = Nz:Btw(Pred)(1,n)(z)

That is: If the Q-series is simple and if <y,n> is a member of the PQed)-series beginning with <x,1>,
then the number of objects Q-between x and y is the same as the number of objects Pred-between 1 and
n.

The proof of Theorem 288 requires two lemmas. The first of these is Theorem 287, whose proof
is given in the note¥:

-dz[.7 (Pred)(1,z) &7 (Pred)(z,z)]
The second lemma is Theorem 284:

Func(R) & dz[.7 "(R)(m,z) &.7(R)(z,2)] & Func(Q) & dz[.7 7(Q)(X,z) &
Z(Q)(z,2)] &

Jason Stanley. What fun it was.
>*Many of these are discussed in “Definition by Induction”.

*If .7 ~(Pred)(1,n), then, since Pred(0,1), we h&&é(Pred)(0,n), by Theorem 285. But then
-7 (Pred)(n,n), by Theorem 145.
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7 (QnR)(<x,m>,<y,n>)- Nz:Btw(Q;x,y)(z) = Nz:Btw(R;m,n)(z)
That is: If both the R-series beginning with m and the Q-series beginning with x are simple, and if <y,n>
is a member of the (ffR)-series beginning with <x,m>, then the number of objects Q-between x and y is
the same as the number of objects R-between m and n.
Theorem 288 follows quickly from these two lemmas. For, takigg & Pred{,n)) and m as 1,
the following is a substitution instance of Theorem 284:
Func(Pred) & z[.7 “(Pred)(1,z) &7 (Pred)(z,z)] & Func(Q) &
-3z[.7 7(Q)(X,2) &.7(Q)(z,2)] &.7 (Q m Pred)(<x,1>,<y,n>)
Nz:Btw(Q;X,y)(z) = Nz:Btw(Pred;1,n)(z)
Predg,n) is functional, by Theorem 71, and the second conjunct is Theorem 287. Moreover, if
-3z.7(Q)(z,2), then certainly Jz[.7 (Q)(x,z) &.7(Q)(z,z)]. So we are done.
We turn then to the proof of Theorem 284, which is derived from Theorem 283, which is:
Func(R) & dz[.7 "(R)(m,z) &.7(R)(z,2)] & Func(Q) & dz[.7(Q)(x,z) &
Z(Q)(z,2)] & 7 (QnR)(<x,m><y,n>)-
Map[.# N (QTR,<x;m>)][Btw(Q;x,y)€),Btw(R;m,n)€)]
That is: If the R-series beginning with m and the Q-series beginning with x are simple, and if <y,n>is a
member of the (@R)-series beginning with <x,m>, theA™(QnR,<x,m>)€,n) maps the objects Q-
between x and y into the objects R-between m and n.
The method by which Theorem 284 is derived from Theorem 283 is very common in
GrundgesetzeTheorem 283 asserts that, under certain conditions, the ref&fig@nR,<x,m>)g,n)
will map the objects Q-between x and y into the objects R-between m and n. By exchanging ‘R’ and ‘Q’,
‘x"and ‘m’, and 'y’ and ‘n’ in Theorem 283, one can show that, under the same conditions,
FNRTQ,<m,x>)€,n) will map the objects R-between m and n into those Q-between x and y. But by
Frege's Theorem 2597 (QmnR,<x,m>)g,n) is the converse o¥#(RTQ,<m,x>)]€,n), so it follows
that.7(RTQ,<m,x>)]€,n) correlates the objects Q-between x and y one-to-one with those R-between
m and n, whence the numbers of these concepts are the same, by Hume's Principle.

Most of the work in the proof of Theorem 288 thus lies in the proof of Theorem 283. To prove

Theorem 283, suppose its antecedent. To showARGDTR,<x,m>)€,n) maps the objects Q-between

*"This follows from Frege’s Theorem 253 “(QnR)(<x,m>,<y,n>)-
7 “(RTtQ)(<m,x>,<n,y>). In most such proofs, the conditions are not the same but merely
corresponding.
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x and y into the objects R-between m and n, we must show (i(ANDTR,<x,m>)€,n) is functional
and (ii) that, if z is Q-between x and y, there is an object R-between m and n onto which
FNQTR,<x,m>)€,n) maps z. Now, (i) follows immediately from Frege’s Theorem 253:

Func(R) & Func(Q) & Aw[.7 (Q)(m,w) & .7(Q)(w,w)] -
Func[Z7NQnR,<x,m>)€,n)]

And (ii) is the consequent of Frege’s Theorem 277, the first of two important lemmas:

Func(R) &.7 (QmR)(<x,m>,<y,n>) & =7 (R)(n,n) & Aw..7"(QnR,<x,m>)(z,w)~
{Btw(Q;x,y)(z) - IW[.FNQTR,<x,m>)(z,w) & Btw(R;m,n)(w)]}

That is: If En is functional, if <y,n> belongs to the {®)-series beginning with <x,m>, if n does not
follow itself in the R-series, and if z is in the domain®f(QnR,<x,m>)E,n), then, if z is Q-between x
and y, there is an object R-between m and n onto WAR{QTR,<x,m>)€,n) maps z. It will suffice to
establish, on the assumption that the antecedent of Theorem 283 holds, the antecedent of

Func(R) &7 7(QmR)(<x,m>,<y,n>) & =7 (R)(n,n) &

{Btw(Q;x,y)(z) - dw.#QnR,<x,m>)(z,w)}~
{Btw(Q;x,y)(z) - IW[.FNQTR,<x,m>)(z,w) & Btw(R;m,n)(w)]}

which is equivalent to Theorem 277. We have assumed the first two conjuncts. Moreover, since
7 (QnR)(<x,m>,<y,n>).7 “(R)(m,n), by Frege’'s Theorem 232; so, since no member of the R-series
beginning with m follows after itself, n does not. The fourth conjunct is, in turn, the consequent of the
second important lemma, Frege’s Theorem £83,

7 7(QnR)(<x,m>,<y,n>)- {Btw(Q;X,y)(z) » Iw..Z7(QnR,<x,m>)(z,w)}
That is: If <y,n> belongs to the {€R)-series beginning with <x,m> and if z is Q-between x and y, then z
is in the domain of#7N(QnR,<x,m>)€,n). (Since ‘n’ appears only in the antecedent, which is equivalent
to *.7™QnR,<x,m>)(y,n)’, we may also say: If y is in the domain®f(QnR,<x,m>)€,n), then
everything Q-between x and y is also in its domain.) But we have also supposed its antecedent, so
Theorem 283 is proven.

We have now to prove Theorems 277 and 28B8/e begin with Theorem 277. Suppose tha R
is functional, that <y,n> belongs to the{R)-series beginning with <x,m>, that z is in the domain of
FNQTR,<x,m>)€,n)—say,.-7(QnR,<x,m>)(z,w)—that n does not follow itself in the R-series, and
that z is Q-between x and y. We must show tHa{QnR,<x,m>)€,n) maps z to an object R-between m

and n. Indeed, w itself is R-between m and n..#o(QnR)(<x,m>,<z,w>), whence, by Theorem 232,
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7 “(R)(m,w). Thus, Func(R),.#(R)(n,n), andZ (R)(m,w). So, ift.7 “(R)(w,n), then w is between m
and n in the R-series and we are done. Therefore, by Theorem 232, it will suffice to show that
7 7(QnR)(<z,w>,<y,n>).

To show this, we employ Theorem 243, an instance of which is:

Func(QrR) & .7 (QmR)(<x,m>,<y,n>) &7 (QnR)(<x,m>,<z,w>)-
7 (QnR)(<z,w>,<y,n>)V .7 (QnR)(<y,n>,<z,w>)

Now, we know that7 “(QmR)(<x,m>,<y,n>) and7 ~(QnR)(<x,m>,<z,w>). But we also know that
Func(R); and, since Btw(Q;x,y)(d), Func(Q), by definition. But, then, Frege's Theorem 252 is:

Func(Q) & Func(R)> Func(QtR)
So, eithet7 (QnR)(<z,w>,<y,n>) or7 (QnR)(<y,n>,<z,w>). But if the lattet7 (Q)(y,z),
contradicting the assumption that z is Q-between x and y—sinceAl@Ny,z) and7 (Q)(z,y), so
Z(Q)(y,y)—and we are done.

To complete the proof of Theorem 283, and so of Theorem 288, we need now only prove
Theorem 283, which is:

7 7(QnR)(<x,m>,<y,n>)- {Btw(Q;X,y)(z) » Iw..Z7(QnR,<x,m>)(z,w)}
The proof is by induction, the induction justified by Frege’s Theorem 257, whiéh is:

7 (QnR)(<x,m>,<y,n>) & Fxm &VtVs{Fts -~ Yuvv[Qtu & Rsv~ Fuv]} - Fyn
For the proof, we take& to be:

F (QTmR)(<x,m>,<&,n>) & Vz[Btw(Q;x£)(z) -~ Iw..Z(QTR,<x,m>)(z,w)]
Let us call this ‘the relevant relation’. To prove Theorem 298¢ must therefore prove the base case,
Theorem 28%:;:

7 7(QnR)(<x,m>,<x,m>) &Vz[Btw(Q;x,X)(z) - Iw.7(QnR,<x,m>)(z,w)]
and the induction step, Theorem 381,

VtVs{.7 7(QnR)(<x,m><t,s>) &Vz[Btw(Q;X,t)(z) - dw.7(QnR,<x,m>)(z,w)]-

Yuvv[Qtu & Rsv~
7 (QuR)(<x,m>,<u,v>) &Vz[Btw(Q;x,u)(z) > Iw..7(QTR,<x,m>)(z,w)]]}

Since only x is Q-between x and x, Theorem 28&llows from the trivial fact that

7 7(QnR)(<x,m>,<x,m>) and s&(QnR,<x,m>)(x,m).

*For a discussion of the significance of Theorem 257, see “Definition by Induction”.
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For the proof of Theorem 281, suppose that <t,s> belongs to thet)-series beginning with
<x,m> and that everything Q-between x and t is in the domaiA"gQnR,<x,m>)€,n); suppose further
than Qtu and Rsv. We then have Theorem81,

7 (Q)(x,t) & Qtu~- [Btw(Q;x,u)(z) - Btw(Q;x,t)(z)V z=u]

So, everything Q-between x and u is either Q-between x and t or is equal to u. But, by hypothesis,
everything Q-between x and t is in the domainAf(QnR,<x,m>)€E,n). Now,

7 (QnR)(<x,m>,<t,s>); but since Qtu and Rsv, we have R)<t,s>,<u,v>), by definition. So

7 7(QmR)(<x,m>,<u,v>), whence u is in the domainsM(QnR,<x,m>)€,n), and we are done.

The proof of Theorem 284, is not particularly difficulf® So that completes our discussion of
Frege’s proof of Theorem 288. | hope it is now clear that, when | said that the proof of Theorem 321
given in 82 is simpler, and shorter, than Frege’s, | spoke truly.

It is worth discussing Theorem 281 a bit further, though, because is rather more important
than it might at first appear. It is one of two results which Frege mentions, in the Forward to Volume Il
of Grundgesetzeas results he intends to use but which had not previously been marked for later use. In
fact, he employs Theorem 281 frequently and at important points in the proofs in Volume Il. The
reason for this is that Theorem 2§1has the force of anductionprinciple, one very closely related to
(Frege’s logicized version of) the least number principle. More precisely, suppose that the Q-series
beginning with a is simple, and that, whenever everything Q-between a and some member of the Q-series
beginning with a is F, that member is itself F. Then Theorem28&ery easily implies that every
member of the Q-series beginning with a is F. That is, Theorermm 28iplies what one might call
induction for betweenness

(IB) 7 (Q)(a,b) & Func(Q) & +z[.7 *(Q)(a,z) &7(Q)(z,2)] &
Vx{.-7 7(Q)(a,x) &Vz[Btw(Q;a,x)(z) & x*z ~ Fz] - Fx} -~ Fb

To prove (IB), suppose the antecedent. Now, the following is an instance of Frege’'s Theorem 144, a

version of induction:

*Suppose tha#Z ~(Q)(x,t), that Qtu, and that Btw(Q;x,u)(z). Then Func(Qy ®)(u,u),
7 7(Q)(x,2), andZ ~(Q)(z,u). Suppose then thatz. To show that Btw(Q;x,t)(z), we need only
show that7 ~(Q)(z,t). Since7 (Q)(x,z) and7 (Q)(x,t), either.7 ~(Q)(z,t) or.7(Q)(t,z), by
Theorem 243. And since Func(@,(Q)(t,z), and Qtu.7 (Q)(u,z), by Theorem 242. Now,
u#z, so.7 (Q)(u,z). But then7(Q)(u,u), since7 ~(Q)(z,u). Contradiction.
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7 (Q)(a,b) & Fa &
Vx{7 (Q)(a.,x) &Vz[Btw(Q;a,x)(z)~ Fz] -~ Vy(Qxy ~ Vz[Btw(Q;a.y)(z)~ Fz])} -
Vz[Btw(Q;a,b)(z)~ FZz]
Since b is a member of the Q-series beginning with a, it does not follow after itself in the Q-series. Thus,
b is Q-between a and b, so it follows from the consequent that Fb. Hence, we need only establish the
antecedent. We have assumed the first conjunct, so we need only show (i) that Fa and (ii) that
Vx{7 (Q)(a.x) &Vz[Btw(Q;a,x)(z)~ Fz] -~ Vy(Qxy ~ Vz[Btw(Q;a.y)(z)~ Fz])}
For (i), note that

Vy[Btw(Q;a,a)(z) & &z~ Fz] -~ Fa
Since nothing other than a is Q-between a and itself, the antecedent is vacuously true; so Fa. For (ii),
suppose that x belongs to the Q-series beginning with a, that everything Q-between a and x is F, and that
Qxy. We must show that everything Q-between a and y is F. Now, the following is equivalent to an
instance of Theorem 28{;,

F7(Q)(ax) & Qxy & Btw(Q;x,y)(2) & z¢y ~ Btw(Q;a,x)(2)

So everything Q-between x and y, other than y, is Q-between a and x. But since everything Q-between a
and x is F, it follows that everything Q-between a and y, other than vy, is F. But, by hypothesis:

7 (Q)(ay) &Vz[Btw(Q;a,y)(2) & y#z ~ Fz] -~ Fy
So, Fy. But then we have the following, which follows immediately from Theorerm281,

7 (Q)(a,x) &Vz[Btw(Q;a,x)(z)~ Fz] & Fy & Qxy - Vz[Btw(Q;a,y)(z)~ Fz]

But the antecedent holds, so everything Q-between a and y is F, and we are done.

Frege does not prove what | have called induction for betweenness. His logicized version of the
least number principle is his Theorem 359, which (eliminating a couple definitions, again, and
strengthening slightly) i}

Func(Q) & dz[.7 *(Q)(a,2) &.7(Q)(z.2)] &

Vx{.7 “(Q)(a,x) &Vz[.7 (Q)(a,z) &7 (Q)(z,x)~ -Fz] - -Fx} -
VX[.# 7(Q)(a,x)~ =Fx]
Now, if we substitute ‘-E for ‘F&’, we have:

Func(Q) & dz[.7 (Q)(a,z) &7(Q)(z,2)] &
Vx{.7 (Q)(a,x) &Vz[.7 (Q)(a,z) &7 (Q)(z,x)~ Fz] - Fx} -

®Frege’s proof of Theorem 359 is, of course, different from that given here of induction for
betweenness, but it is strikingly similar.
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VX[.# 7(Q)(a,x)~ Fx]
This is easily seen to be equivalent to induction for betweenness. It differs from induction for
bewteenness only in that it has, as its third conjunct:
Vx{.7 “(Q)(a,x) &Vz[.7 (Q)(a,z) &7 (Q)(z,x)~ Fz] -~ Fx}
whereas, in induction for betweenness, we have:
Vx{.7 (Q)(a,x) &Vz[Btw(Q;a,x)(z) & x*z - Fz] - Fx}
But, in the presence of the other conjuncts of the antecedent, these are equivalent. Indeed, the proof of

Theorem 281, just is a demonstration that they are.

Appendix 2
Tree of Important Theorems in Frege’s Proof of Theorem 327
The following is a graphical representation of the dependencies among various results used by
Frege in his proof of Theorem 327. | have omitted references to general results about the ancestral, uses
of definitions, and theorems which are immediate consequences thereof. | have also omitted reference to
theorems proven in sections A-1@fundgesetzeexcept for those to specificially arithmetical truths and

to Hume’s Principe, all of these being marked in boldface.

®IThe arithmetical theorems in question are: (71) Func(Pred); (89) Func(Conv Pred);
(110) Pred(0,1); (145¥ ~(Pred)(0,x)~ ~.7 (Pred)(x,x); (155)7 ~(Pred)(0,n)-
Pred[n,Nx:# ~(Pred)(x,n)].
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